We reconstruct the ΛCDM and de Sitter models for f (T, T ) Theory, where T is the torsion scalar and T the trace of the energy-momentum tensor. The result shows that the action of ΛCDM is a combination of a linear term, a constant (−2Λ) and a non-linear term given by the product 
Cartan geometry [2] . In this theory the gravitational interaction is described by both curvature and torsion of space-time, where the torsion is commonly attributed to the inclusion of spin, through fractional spin fields. A very particular case of this theory is when we take the identically zero curvature, and then only have a space-time with torsion. This type of geometry is known as the Weitzenbock geometry [3, 4] , where the torsion describes the gravitational interaction. Various analysis can be performed in this type of geometry, which is proven to be dynamically equivalent to GR [5] . In this context, recently a new formulation is started up, and generalizes the call Teleparallel Theory (TT), of the space-time where the gravitational interaction is described solely by the torsion.
Through the standard Big Bang [6] theory, the ΛCDM models describe very well the evolution of our universe, in a Riemannian geometry within the GR. There are several open issues, but the main one today is the so-called dark energy. In order to make the cosmological WMAP data fitting with the theory, it is necessary to introduce an exotic component in the equations of GR, i.e, the dark energy. This can be modelled as a perfect fluid with the equation of state
where the values of ω DE must be very close to the −1 today. An alternative to that data, being consistent with the theory, is the modification of the geometry. A good review can be seen in [7] . One of the first general possibilities is the well known f (R) Theory [8] , where R is the scalar curvature, obtained through the double contraction of the Riemann tensor indices. This theory places the analytic function f (R) in the action, where the GR can be reobtained in a certain limit, such as from f (R) = a 1 R + a 2 R 2 , with a 2 → 0 one gets again GR. This theory has proved effective in simulating the evolution of our universe, in various epochs. Other possibilities have arisen through the generalisation of the GR, by changing the action. One such change is the case of f (R, T ) Theory, where T is the trace of the energy-momentum tensor. In this case, the matter content should be taken into account as having a kind of interaction with the geometry.
A direct analogy could be made between theories with only the curvature and the torsion only.
As the f (R) theory is a generalization of the GR, it is logic to also think of a generalization of the TT, where the analogous object to the riemannian scalar curvature, is the torsion scalar T , obtained from contractions between the torsion and contorsion tensors. A change in the action of TT is made considering an analytic function f (T ) which depends on the torsion scalar. That was first thought of a theory arising from the Born-Infeld action [9] . Then, several studies have shown the great accordance of this theory with the most varied approaches in Gravitation and Cosmology [10] .
Another recent proposal is to consider not only the torsion scalar in the action, but also the trace of the energy-momentum tensor tensor, as an analogy to the f (R, T ) Theory. This theory, called f (T, T ) has been formulated recently [11] , still requiring verification of compatibility with the cosmological data and the physical requirements for a good cosmological theory. That is the reason to check how should be the functional form of the action of this theory, such that the ΛCDM model is valid. For this we use the scheme the reconstruction method for a modified gravity [12] .
In addition, we make a stability analysis for the de Sitter and power law solutions.
The paper is organized as follows. In section II we make a brief description of f (T ) and f (T, T ) theories, with the main elements and definitions necessary for their formulation. In the III section, we use the reconstruction method for the actions to obtain the ΛCDM and de Sitter models, for f (T, T ) theory. In section IV we make the stability analysis of the studied models. We make our final considerations in section V.
II. f (T ) AND f (T, T ) GRAVITIES
In this section we will see the basic preliminary concepts for the reconstruction of theories f (T ) and f (T, T ) theories of gravity.
In theory f (T ), the geometry is determined solely by the matrices that transform the metric of space-time into the Minkowski metric. To begin, we define the space-time as a differentiable manifold in which only the torsion is non-zero, that is, the curvature is identically zero, then all Riemann tensor components are zero. Now we define the line element as
Taking into account that we can define 1-forms in the co-tangent space of the manifold, and introduce Lorentz symmetry in the line element, we can re-write the line element as
where θ a = e a µ dx µ are 1-forms, index a = 0, . 
We can now define a tensor which gives sense of torsion to the space-time
Through the components of the torsion tensor, we can define the contortion tensor components and the tensor S µν α
We can also define the analogous object to the scalar curvature in GR, the torsion scalar
It is this object that plays the curvature scalar role in GR, and that should also form the action of f (T ) theory. The action of f (T ) theory is constructed in a way that we have a linear term in the torsion scalar, another containing the correction term to the TT and another term related to the material content. Then we write the action as
G the Newton's constant, and setting c to unity. In f (T ) theory, tetrads are dynamic fields, then doing the functional variation of the action (8) in relation to them, one gets the following equations of motion
where we use the nomenclature f T = ∂f /∂T and f T T = ∂ 2 f /∂T 2 , Θ ν σ represents the components of the matter energy-momentum tensor.
Let's take the example of the Friedmann-Lemaître-Robertson-Walker (FLRW) universe with flat spatial section
where a(t) is the scale factor. The Hubble parameter is given by H(t) =ȧ(t)/a(t). Now we specify our choice of tetrads as
With this choice, we can represent the line element (2) through a set of 1-forms θ 0 = dt, θ 1 = a(t)dx, θ 2 = a(t)dy, θ 3 = a(t)dz . Thus, the equations of motion (9) for f (T ) theory, taking the material content as a perfect fluid
Here, the torsion scalar is obtained by the definitions (4)- (7) with (11), resulting in
We now see clearly that the equations of motion of f (T ) theory are identical to that of the GR, and the equations of Friedmann (flat spatial section), when the nonlinear term are zero, i.e making (12)- (13).
Now we can present the most recent generalization of the f (T ) theory. Following the analogy of the generalization of the f (R) theory to f (R, T ), where T is the trace of the energy-momentum tensor. Here, we can also introduce in the action an analytic function that depends not only on the torsion scalar, but also on the trace T . For such a theory, the action is then given by
where f (T, T ) is an arbitrary analytical function of the torsion scalar T and of the trace T of the matter energy-momentum tensor Θ ν µ , and L m is the matter Lagrangian density. Here we must consider that the Lagrangian density L m depends only on tetrads and not on its derivatives. For the energy-momentum tensor of a perfect fluid we have the following trace
We can then make the functional variation of the action (15) with respect to the tetrads, resulting in the following equations of motion [11] (
where f T = ∂f /∂T and f T T = ∂ 2 f /∂T ∂T . Here it is evident that the particular case where the function f depend only on the torsion scalar T , i.e, f ≡ f (T ) [17] , the equation (17) reduces to the equation of motion of f (T ) theory in (9) .
Taking again the matter content as a perfect fluid and choosing the diagonal tetrads in (11), the equations of motion of f (T, T ) theory for a flat FLRW universe, are given by
In this paper, in the next section, we propose to reconstruct the ΛCDM and de Sitter models and study the stability of the de Sitter and power law solutions. this method in some cases of modified gravity can be seen in [12, 14] . Now, for reconstructing the ΛCDM model, it is necessary to impose an equation of motion of this model
where Λ is the cosmological constant. In this model, the matter is described through a perfect fluid formulation, where the pressure satisfies to the following equation of state p m = ω m ρ m , with ρ m being the matter density. The trace of the energy-momentum tensor (16) is
By inverting the relation (21) for the energy density in terms of the trace and using (14) , imposing the ΛCDM model from the equation (20), we can substitute in the equation of motion (17) of the f (T, T ) theory, yielding
Integrating this differential equation we obtain the following action function
where c 0 = (1 + ω m )/(1 − 3ω m ) and F g (x) is a generic arbitrary function of its argument x. We see that the reconstruction of the action (15) is given by
We can now see that this action generalizes the f (T ) theory, because being able to have terms representing the interaction between the torsion and matter, generated by the function F g . We also see clearly that this generalization is not for any functional form between T and T , but only by the product given in the third term of the above action. This restricts a lot the functional form of the theory, when it is imposes the validity of the ΛCDM model, as we have here. Another important observation is that this action lies in the f (T ) when we properly choose
Q is a constant given in [15] . In the next section, we will use a model for this generic function, where F g (y) = y N , with y = T (−T ) −c 0 and N ∈ ℜ.
Now we will use the reconstruction method for the de Sitter model, where its main characteristic
is H = h 0 , with h 0 ∈ ℜ + , which lead to T = T 0 = −6h 2 0 . In order a coherent reconstruction let us first consider H depending on time, which leads to T (t), and later fixing H = h 0 . Hence, using the relations H 2 = −T /6[18] and ρ 0 = T /(1 − 3ω m ) [19] in the equation of motion (17), which yields
By integrating this equation, we get the following action function
where
is a generic function of its argument x, and T = T 0 = −6h 2 0 . The action (15) for the reconstruction of the de Sitter model is given by
whereF g (T ) is a generic function. As in this particular case the torsion scalar is a constant
, it is natural that the action is given in function of a linear term in the trace of energymomentum tensor T , and added it to another term containing all the terms of higher orders. This would be a particular theory considering only the trace as a scalar which generates the dynamics of the system. This result is in agreement with the analogous theory to f (T, T ), the f (R, T ) theory.
When we consider the reconstruction of the de Sitter model in f (R, T ), we get as result an action with a linear term added to two different powers of the trace, see equation (23) of [16] . This shows that we have here a generalization with respect to the f (R, T ) theory, due to generic functionF g in action.
In the next section, we will show the stability of the ΛCDM and de Sitter models reconstructed here.
IV. STABILITY OF DE SITTER AND POWER-LAW SOLUTIONS
In order to establish the validity of the ΛCDM and de Sitter models, let us make a simple stability analysis. To do so, we will do a small perturbation in the geometry and the matter
where {h(t), ρ mh (t)} is an exact solution of the equations of motion for call background (obey to (17)- (18)) and δ(t), δ m (t) << 1. With this, the torsion scalar is given by
where we have T 0 (t) = −6h 2 (t). The trace of the energy-momentum tensor is given by
where T 0 (t) = (1 − 3ω m )ρ mh (t). The perturbations of the torsion scalar and the trace of the energy-momentum tensor arē
Let us express the function f (T, T ) in the Taylor series until the first order around the point
its derivatives, that are obtained deriving (32), can be expressed as
By substituting these expressions into (17), collecting the term until the first order, we get the following result
We maintain for the moment this result. Now we have to express the perturbation δ(t) in terms of δ m (t). To do so, let us take the perturbation of the conservation equation of the energy-momentum
Here, the "dot" denotes the derivative with respect to time t. Now, by inserting (37) in (35), one gets
where we used h = −T 0 /6. This equation is valid for specific models, the ones we have chosen, the de Sitter and ΛCDM models. We will substitute the characteristic of these models in the above equation.
Let us first analyse the stability of de Sitter solution, where the characteristic is given by h = h 0 , yielding through the equation of continuity
The torsion scalar is constant and is given by T 0 = −6h 2 0 . The trace of the energy-momentum tensor is given by
Now we have to use the reconstruction of f (T, T ) for the de Sitter model, which is expressed in (26). We first consider the time depending torsion scalar, i.e, variable torsion scalar, and then fix for the de Sitter solution, we can then correctly calculate the derivatives of the function f (T, T ).
Using the change of variables d/dt = (dT /dt)d/T in the equation (38), we can integrate it to
For the de Sitter solution, one gets the following solution from the integration
/dy with y = T 0 (−T 0 ) −c 0 and c 0 = (1 + ω m )/(1 − 3ω m ), and F g (y) is a generic function.
Choosing here the power-law model
N , the solution for the matter energy density perturbation is given by
Using (37) one gets
In order to analyse the stability of these perturbations, we have to take the limit t → +∞, which, through the equation (40) is interpreted by the limit T 0 → 0. The perturbations are simultaneously stable (δ m (T 0 ) , δ (T 0 ) → 0) for the following restriction in the power N :
Here we have shown the stability of the de Sitter solution for a specific model
Now, let us analyse the stability of the ΛCDM model, within the power-law solution for the scale factor, i.e, a(t) = t α . In this case we get h = α/t. The energy density of the matter for the background, through the continuity equation can be obtained as
In the same way, for (16) , one obtains the trace
The torsion scalar is given by
Imposing now the ΛCDM model, through its function f (T, T ) obtained by the reconstruction method. Using (20), we calculate its derivatives, substituting (48) and (49) 
From the equation (37) we get s
In this case, the perturbations will be simultaneously stable if the following conditions are satisfied :
, we have α < 0 and (2 − 3α)/(3α) < ω m < −1, or α > 0 and −1 < ω m < (2 − 3α)/(3α); 2. for 2 − 3α(1 + ω m ) < 0, one has α < 0 and ω m < (2 − 3α)/(3α), or α > 0 and ω m > (2 − 3α)/(3α).
Here we have shown the stability of the ΛCDM model for specific model
The f (T, T ) theory can be a good opportunity to test whether we can describe the dark energy by changing the TT equations of motion. To do this, it is first necessary to test the most common models of modern cosmology, the famous ΛCDM model and the de Sitter one.
We reconstruct the gravitational action of both models and have done a brief analysis of their stability. The result is resumed as follows.
The reconstruction of ΛCDM model gives rise to an action as combination of a linear term in the torsion scalar, a constant (−2Λ) and another, which is the interaction between matter and torsion, described by the product √ −T F g T (−T ) −(1+ωm)/(1−3ωm) . This reconstruction decays in the f (T ) theory, by appropriately choosing the F g ≡ Q, with Q a constant given in [15] . This reconstruction severely restricted the functional form of action. We have done the analysis of the stability of this model, for a particular choice F g = T (−T ) −(1+ωm)/(1−3ωm) N , and we found that the model is stable for certain conditions between the parameters (N, ω m ).
Likewise, we have made the reconstruction of the de Sitter model, resulting in an action that can be interpreted as a common action for modified gravity, with a linear term in T and other non-linear, which depends on a generic functionF g (T ). This model also proved stability for certain conditions between the parameters (α, ω m ). A striking observation here is that stability does not depend on power N of the function F g .
We hope that in addition to the specific choice F g (y) = y N , with y = T (−T ) −(1+ωm)/(1−3ωm) , for the two models studied here, it should have stability for any generic function (well known model in Cosmology). 
